We present a first QCD analysis of next-to-next-leading-order (NNLO) contributions of the spindependent parton distribution functions (PPDFs) in the nucleon and their uncertainties using the Jacobi polynomial approach. Having the NNLO contributions of the quark-quark and gluon-quark splitting functions in perturbative QCD (Nucl. Phys. B 889 (2014) 351-400), one can obtain the evolution of longitudinally polarized parton densities of hadrons up to NNLO accuracy of QCD. A very large sets of recent and up-to-date experimental data of spin structure functions of the proton g p 1 , neutron g n 1 , and deuteron g d 1 have been used in this analysis. The predictions for the NNLO calculations of the polarized parton distribution functions as well as the proton, neutron and deuteron polarized structure functions are compared with the corresponding results of the NLO approximation. We form a mutually consistent set of polarized PDFs due to the inclusion of the most available experimental data including the recently high-precision measurements from COMPASS16 experiments (Phys. Lett. B 753 (2016) 18-28). We have performed a careful estimation of the uncertainties using the most common and practical method, the Hessian method, for the polarized PDFs originating from the experimental errors. The proton, neutron and deuteron structure functions and also their first moments, Γ p,n,d , are in good agreement with the experimental data at small and large momentum fraction of x. We will discuss how our knowledge of spin-dependence structure functions can improve at small and large value of x by the recent COMPASS16 measurements at CERN, the PHENIX and STAR measurements at RHIC, and at the future proposed colliders such as Electron-Ion collider (EIC).
The "spin crisis" has been a longstanding mystery in high energy particle physics. In 1987, series of experiments proved that the spins of the quarks are only partially responsible for the proton's overall spin. Thus for a decade, long search for the missing pieces, or contributors, to a proton's spin have been done. The key question is how the spin of the nucleon is distributed among its constituent partons. That is, the determination and understanding the longitudinal spin structure functions of the nucleon g N 1 (x, Q
2 )(N = p, n, d) and the behavior of spin-dependent parton distribution functions (PPDFs) appeared as an important issue. Recent years have seen increased theoretical interest and setting up experiments towards the better understanding and precise determinations of the polarized nucleon structure function g 1 , specially in HERMES, COMPASS, PHENIX and STAR at a variety of energies.
There are several next-to-leading order (NLO) QCD analysis of the polarized DIS data along with the estimation of their uncertainties in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . These parton sets differ in the choice of experimental data sets, treatment of heavy quarks, details of the QCD analysis such as higher-twist corrections, the form of the polarized PDFs at input scale and the error propagation. In this work we provide, for the first time, a next-to-next-toleading (NNLO) order QCD analysis of polarized parton distribution functions and their uncertainties using all available and up-to-date deeply inelastic scattering data.
The determination of the longitudinal spin structure of the nucleon has attracted considerable theoretical and experimental interests since the surprising EMC experimental results showed that the quark contributions to the nucleon spin is very small [12, 13] . The present knowledge on the longitudinal proton spin structure function, g p 1 originates from measurements of the asymmetry A p 1 in polarized lepton nucleon scattering. In the recent years, the available DIS data which may be used for the determination of polarized PDFs, has been extended impressively. The most up-to-date longitudinal polarized deep inelastic scattering (DIS) experimental data from the COMPASS collaboration [14] [15] [16] [17] [18] , HERMES collaboration [19] [20] [21] , PHENIX collaboration [22] [23] [24] [25] [26] and STAR collaboration [27] [28] [29] [30] [31] provide very precise information to study the spin structure and quark PDFs inside the nucleon. These data include the semi-inclusive particle production, high-p T jet production, semi inclusive DIS in fixed target experiments and W ± boson production in polarized proton-proton collisions.
The purpose of the following paper is to present for the first time a very good quality of the polarized PDFs at NNLO using the analysis of available polarized DIS data, taking into account the most recent data from COMPASS16 measurements [14] . An appealing feature of this QCD analysis of polarized PDFs is that we apply the theoretical predictions at NNLO accuracy in perturbative QCD. A careful estimation of the uncertainties have been performed using the most common Hessian method for the polarized parton distributions of quarks and gluon originating from the experimental errors. It is shown that the present analysis considerably leads to smaller value of uncertainties in comparison with other polarized PDFs in the literature. The Jacobi polynomials approach is used to facilitate the analysis. A detailed comparison with other available polarized PDFs including KATAO [8] , BB [32] , GRSV [33] , LSS/LSS06 [34, 35] , DNS [36] , AAC04/AAC09 [37, 38] , DSSV08/DSSV10 [39, 40] and the most recent results from AKS14 [5] and THK14 [6] have been presented. Due to recent high precision measurements we also revisit our next-to-leading order QCD analysis of longitudinal spin structure of the nucleon and present an updated, more accurate, version of our polarized PDFs at next-to-leading order of QCD. In order to discuss the fit results, we will concentrate on our NNLO fit. Since the outcome for NLO and NNLO polarized PDFs are slightly different, we will show the results of both QCD fits in some figures. We also focus on the roles of the NNLO terms on the polarized PDFs determination by comparing the available NLO results with the present NNLO analysis. Moreover, to establish a meaningful baseline for estimating the impact of higher order corrections and to examine the effect of the change in the NNLO polarized PDFs, we compare our NLO and NNLO analyses which have been extracted from the same DIS data set using exactly the same functional forms for polarized distributions and the same assumptions. The main features of our NNLO parametrization of polarized PDFs are worth emphasizing already at this point. The details of the analysis will be present in the next Sections.
The structure of the present paper is as follows: In Sec. II, we will turn to the method of the polarized structure function analysis based on the Jacobi polynomials approach. In Sec. III, we review the input to the global analysis including the data selection and the input parameterizations of the polarized PDFs and deeply inelastic structure functions. The results of the present polarized PDFs analysis are given in Sec. IV. We will study how much a NNLO determination of spin-dependent structure functions would improve our knowledge of polarized parton distribution functions. In Sec. V, a detailed comparison between the present results and available experimental data are presented. We also have attempted a detailed comparison of our NNLO results with recent results from the literature in this Section. In Sec. VI, we will discuss how our knowledge of spin-dependence structure functions may be improved at small and large value of x by the recent COMPASS16 measurements at CERN, PHENIX and STAR measurements at RHIC and at the future proposed colliders such as Electron-Ion collider (EIC). Finally, we have presented our summary and conclusions in Sec. VII.
II. POLARIZED PDFS ANALYSIS METHOD
Beyond leading order accuracy of pertuarbative QCD, structure functions are no longer linear combination of quark distributions. At higher order, structure functions are obtained by convoluting the quark and gluon distributions with the corresponding pertuabative coefficient functions. Having the next-to-next-to-leading order (NNLO) contributions of the quark-quark and gluonquark splitting functions in perturbative QCD [41] , one can obtain the evolution of longitudinally polarized parton densities of hadrons up to NNLO order of QCD [42] . The NNLO spin-dependent proton structure functions, g p 1 (x, Q 2 ), can be written as a linear combination of po-larized parton distribution functions ∆q, ∆q and ∆g as,
where the ∆C q and ∆C g are the spin-dependent quark and gluon coefficient functions [43, 44] The method in which we have employed in the present paper is using the Jacobi polynomials expansion of the polarized structure functions. The detailed of such analysis based on the Jacobi polynomials are presented in our previous works [8, [45] [46] [47] and also other groups [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . In this section we outline a brief review of this method. The Jacobi polynomials expansion method is one of the simplest and fastest algorithm to reconstruct the structure function from the QCD predictions for its Mellin moments. In this method, one can easily expand the polarized structure functions, xg 1 (x, Q 2 ), in terms of the Jacobi polynomials, Θ α,β n (x), as follows,
where n is the order of the expansion terms, N max is the maximum order of the expansion which normally can be set to 7 and 9. The parameters α and β are a set of free parameters which normally set to 3 and 0.5, respectively. We have shown in our previous work that by setting the N max = 7 and 9, α = 3, β = 0.5, this expansion of the structure function can be achieve to optimal convergence throughout the whole kinematic region constrained by the DIS data. The Q 2 -dependence of the structure functions are codify in the Jacobi polynomials moments, a n (Q 2 ). The x-dependence will be provided by the weight function x β (1 − x) α and the Jacobi polynomials Θ α,β n (x) which can be written as,
where the coefficients c (n) j (α, β) are combinations of Gamma functions in term of n, α and β. The above Jacobi polynomials have to satisfy the following orthogonality relation,
Consequently one can obtain the Jacobi moments, a n (Q 2 ), using the above orthogonality relations as,
where the Mellin transform M[xg 1 , N ] introduced as,
Finally the polarized structure function xg 1 (x, Q 2 ) can be written as follows,
This method can also be used to construct the proton F p 2 (x, Q 2 ) and neutron F n 2 (x, Q 2 ) structure functions [45, 46] .
III. INPUT TO THE GLOBAL POLARIZED PDFS FIT
A. NNLO QCD fits of g1 world data
We have adopted the following standard parameterizations at the input scale of Q 2 0 = 4 GeV 2 for the polarized up-valence x∆u v , down-valence x∆d v , sea x∆q and gluon x∆g distributions,
where the normalization factors, N q , can be determined as,
Considering SU(3) flavor symmetry, we have ∆q ≡ ∆ū = ∆d = ∆s = ∆s. Some latest analysis show that including SIDIS data can help to consider light sea-quark decomposition. In the analysis presented in this paper, we wish to study the impact of inclusive DIS data on the determination of NNLO polarized PDFs based on Jacobi polynomials with flavor symmetric light sea distribution. The impact of SIDIS data on the sea quark distributions will be studied in a separate publication in the near future. The unknown parameters in Eq. 8 will be extracted from fit to experimental data. The normalization factors, N q , are chosen such that the parameters η q are the first moments ∆q i (x, Q 2 0 ) distributions,
For the ∆u v and ∆d v polarized valence distributions, the first moment of the corresponding distributions, η uv and η dv , will be obtained as,
The a 3 and a 8 are the non-singlet combinations of the first moments of the polarized parton distributions corresponding to q 3 = (∆u + ∆ū) − (∆d + ∆d) and q 8 = (∆u+∆ū)−(∆d+∆d)−2(∆s+∆s). The first moments of the polarized valence quark densities introduced in Eq. 10 can be related to F and D as measured in neutron and hyperon β decays [60] . These constraints lead to the values of η uv = 0.928 ± 0.014 and η dv = −0.342 ± 0.018 for the ∆u v and ∆d v polarized valence distributions, respectively. The Dokshitzer-Gribov-Lipatov-AltarelliParisi (DGLAP) evolution equations [61] [62] [63] [64] are solved in Mellin space and used in Jacobi polynomial approach. The Mellin transform for the polarized PDFs q are defined as,
where q is the polarized PDFs as x∆u v , x∆d v , x∆q and x∆g. In the Mellin space, the twist-2 contributions to the polarized structure functions g 1 (N, Q 2 ) can be written in terms of polarized PDFs, ∆q(N, Q 2 ), ∆q(N, Q 2 ) and ∆g(N, Q 2 ), and the corresponding coefficient functions ∆C
B. Data selection, minimization and error calculation
The data in which we used in our NNLO polarized PDFs QCD analysis, are summarized in Table. I. This table contains the name of the experimental group, the covered kinematic ranges in x and Q 2 , the number of available DIS data points and the fitted normalization shifts N i . The data used (465 experimental points) cover the following kinematics region: 0.0035 < x < 0. 75 [66, [75] [76] [77] [78] [79] . An important and appealing feature of our NNLO QCD analysis of the polarized PDFs is that we used the recently published polarized deeply inelastic scattering data from COMPASS16 [14] . These data sets contain both statistical and systematic errors which added in quadrature. In addition, the normalization errors are generally specified separately.
Nominal coverage of the data sets used in our fits for proton, neutron and deuteron are presented in Fig. 1 . The plots clearly show that despite remarkable experimental efforts, the kinematical coverage of the present available DIS data being included in analysis of polarized PDFs still rather limited. As we mentioned, the accessed range of momentum fraction x is 0.0035 < x < 0.75. This coverage can leads to a larger uncertainties for determined polarized PDFs at small x. For the gluon distribution, which is the most complicated case for PDF uncertainties and parameterizations, we expected a different treatment at x < 0.01 due to the lack of DIS data.
The analysis of χ 2 value and the error calculation based on the Hessian method are applied in the present analysis. For the error calculation, a standard error analysis is needed for the polarized PDFs by taking into account correlations among the parameters. The resulting eigenvector sets of the determined polarized PDFs can be used to propagate uncertainties to any other desired observable. The method to consider the correlations among the uncertainties is discussed in details in Refs. [5, [80] [81] [82] [83] [84] . Following that, a detailed error analysis has been done using the covariance or Hessian matrix, which can be obtained by running the CERN program library MINUIT [85] . χ 2 global (p) quantifies the goodness of fit to the DIS data for a set of independent parameters p that specifies the polarized PDFs at Q denote the experimental measurement, the experimental uncertainty (statistical and systematic combined in quadrature) and the theoretical value for the i th experimental data point, respectively. N n is an overall normalization factor for the data of experiment n and the ∆N n is the experimental normalization uncertainty. We allow for a relative normalization shift N n between different experimental data sets within uncertainties ∆N n quoted by the experiments. We minimize the above χ 2 global (p) value with the 9 unknown fit parameters plus an undetermined Table I : Published data points above Q 2 = 1.0 GeV 2 . Each experiment is given the x and Q 2 ranges, the number of data points for each given target, and the fitted normalization shifts Ni (see the text).
Experiment
Ref.
[ Some groups such as NNPDF [1, 86, 87] or JAM [88] propose an alternative approach in their analysis for the PDFs uncertainties, based on an iterative Monte Carlo fitting technique that allows a more robust extraction of polarized PDFs with statistically rigorous PDFs uncertainties. What makes NNPDF differs from others is using neural networks instead of traditional parametrizations. They have presented a global polarized PDFs determination and achieved a significant improvement in accuracy Figure 2: (color online) ∆χ 2 as a function of t defined in Refs. [5, [80] [81] [82] [83] [84] for some random sample of eigenvectors, k th .
in the determination of the positive polarized gluon distribution in the medium and small-x region. In our analysis we utilize, like most of the existing phenomenological spin-dependent PDFs analyses, the standard PDFs fitting technology in which single fits are performed assuming a basic parametric form for the input polarized PDFs. The polarized PDFs errors are then typically computed using the standard error analysis such as Hessian methods proposed by J. Pumplin, D. Stump, Wu-Ki Tung et al.
(PST) [83, 89] which are based on diagonalization of the matrix of second derivatives for χ 2 (Hessian matrix) near the minimum of χ 2 . The Hessian or covariance matrix elements for 9 free parameters of our NNLO and NLO analysis which are obtained by running the CERN program library MINUIT are given in Table II and III. The uncertainties of PDFs can be calculated using these covariance matrix elements based on the Hessian method which can been used as a general statistical method for estimating errors. The uncertainty of polarized PDFs f (x, ζ) with respect to the optimized parameters ζ is then calculated by using Hessian matrices and assuming linear error propagation,
where the H ij are the elements of the Hessian matrix, ζ i is the quantity referring to the parameters which exist in polarized PDFs andζ indicates the number of parameters which make an extremum value for the related derivative. The polarized PDFs uncertainties δ∆f (x, Q 2 ) at higher Q 2 scale are calculated by the well-known DGLAP evolution kernel. The Hessian method which is based on the covariance matrix diagonalization, provides an efficient and simple method for calculating the PDFs uncertainties [5, [80] [81] [82] [83] [84] . In this method, one can assume that the deviation in the global goodness-of-fit quantity, ∆ χ 2 global , is quadratic in the deviation of the parameters specifying the input parton distributions ζ i from their values at the minimum ζ 0 i . One can write,
By having a set of appropriate polarized PDFs fit parameters which minimize the global χ 2 function, s 0 , and introducing polarized parton sets s ± k , one can write
where λ k is the k th eigenvalue and v ik is a set of orthonormal eigenvectors. The parameter t is adjusted to make the required T 2 = ∆χ 2 global which is the allowed deterioration in ∆ χ 2 global quality for the error determination and t = T is the ideal quadratic behavior. To test the quadratic approximation of Eq. (18), we study the dependence of ∆ χ 2 global along some random samples of eigenvector directions. The ∆χ 2 global treatment for some selected eigenvectors, k th , numbered k = 3, 4, 6 and 7 for the presented polarized PDFs analysis are illustrated in Fig. 2 . The detailed discussions on error estimation via Hessian method and an investigation of the quadratic behavior of ∆χ 2 global can be found in Refs. [5, [80] [81] [82] [83] [84] . Although technical details are described in mentioned references, we prefer to explain outline of the Hessian method because it is used in our analysis.
The results of our polarized PDFs determination and error estimations will be discussed in much more details in Section. IV.
IV. RESULTS OF THE NNLO POLARIZED PDFS FITS
As stated in the Introduction, we intend to study the NNLO polarized PDFs consequently almost all polarized parton distributions in this work are presented in the NNLO order of QCD. In this section we will present and discuss the results of our NNLO QCD analysis to the available world data on polarized inclusive DIS including the up-to-date data from COMPASS16 proton data [14] . Final parameter values for our NNLO and NLO QCD fits and their statistical errors in the MS-scheme at the input scale Q 2 0 = 4 GeV 2 are presented in Tables. IV and V, respectively. Note that only the experimental errors (including systematic and statistical) are taken into account in this calculations. As seen from the Tables. (IV V) , the values of the parameters connected to the polarized PDFs are well determined. The quality of the fit can be judged from the obtained parameters and the χ 2 values. There is a strong relationship between the input polarized PDFs parameterization and the uncertainties which will be obtained. The parameterization for the input polarized PDFs in our analysis were presented in Section. III, specifically in Eq. 8. The free PDF parameters listed there allow a very large degree of flexibility. The first moments of the polarized valence quark densities introduced in Eq. 10 can be obtain by the constraints presented in Eq. 11 which lead to the values of η uv = 0.928 ± 0.014 and η dv = −0.342 ± 0.018 for the ∆u v and ∆d v polarized valence distributions, respectively. The extracted NNLO polarized PDFs are plotted in Fig. 3 for x∆u v , x∆d v , x∆q and x∆g distributions. The polarized PDFs are compared to those obtained at NLO analysis of KATAO (long dashed) [8] , BB (dashed) [9] , DSSV (dashed-dotted) [39] , GRSV (long dashed-dotted) [33] and AAC09 (dashed-dashed-dotted) [38] . Examining the x∆u v and x∆d v polarized valence distributions, we see that most of the fits are in good agreements. However, our result for polarized valance distribution x∆d v is slightly smaller than others. For the x∆q distribution, all of the curve except DSSV are compatible. Let us consider the plot for the polarized gluon distribution; Due to the lack of experimental informations, the prediction for the small-x behavior of the polarized gluon distribution x∆g, obtained form the different global analyses are largely uncertain. As the plots clearly show, the DSSV result for the gluon distribution x∆g has a sign change in The DSSV family polarized PDFs sets (DSSV [39, 40] and DSSV+/DSSV++ [90, 91] ) include some of the non-DIS data of Table I such as SIDIS data, inclusive jet and hadron production measurements from polarized protonproton measurements at RHIC collider. The plots also show that KATAO for the gluon distribution approach to zero more quickly than the other results. The obtained NNLO polarized gluon distribution is slightly smaller as [8] , BB (dashed) [9] , DSSV (dashed-dotted) [39] , GRSV (long dashed-dotted) [33] , and AAC09 (dashed-dashed-dotted) [38] in NLO approximation.
In Fig. 4 , we plot the polarized parton distributions as a function of x and for different values of Q 2 = 5, 50, 500 GeV 2 . The plot predict an increase of gluon distribution in the kinematic region of 10 −4 < x < 10 −1 by increasing the Q 2 values. In Fig. 5 , we present our polarized parton distributions at Q 2 0 = 4 GeV 2 as a function of x in NNLO approximation plotted as a solid curve. Also shown are the most recent results from AKS14 [5] , THK14 [6] and the DSSV family polarized PDFs set [40] . We also illustrate the uncertainties corresponding to the mentioned analysis. Comparing to other results, one finds that the uncertainty band for our NNLO polarized sea distribution x∆q for low value of x 10 −2 has become slightly narrower than THK14. From the plots, we see that x∆u v and x∆d v are reasonably in agreement. The AKS14 and DSSV10 polarized valence distributions x∆u v slightly approach to zero more quickly than others. For the polarized gluon distribution all of the fits treat differently. The ambiguity in gluon distributions may due to the different theoretical input and also the different data included in the QCD analysis. The AKS14 and DSSV10 polarized gluon distributions x∆g have a sign change at x ≈ 0.2. We had this behavior for DSSV08 [39] polarized gluon distributions presented in Fig. 3 . The striking feature of our NNLO polarized gluon distribution is its positivity throughout and clearly away from zero in the regime x 0.0001 predominantly probed by the RHIC and COMPASS data. RHIC data mainly probe the region 0.05 x 0.2, but the recently published data from COMPASS16 [14] which can cover the range of 0.0035 x 0.575 can constrain x∆g better down to somewhat lower values of x 0.02, as we expected form this analysis. Overall, due to lack of enough data for low value of x, the constraints on x∆g in, say, the regime 0.001 x 0.05 are still much weaker than those in the region of x > 0.2. In order to have a detailed comparison, we also plotted the obtained NNLO polarized PDFs as a function of x at Q 2 =10 GeV 2 which is presented in Fig. 6 . The recent results from AKS14 [5] and LSS06 [35] analysis also shown. Due to recent high precision measurements we also revisit our next-to-leading order QCD analysis of polarized PDFs. In this plot, we also illustrate our revisited NLO polarized PDFs results which have been extracted using the data presented in Table. I. The plot shows both of our NLO and NNLO polarized gluon distribution are positive throughout the x range.
What makes this analysis different from others are using the higher order QCD corrections and the inclusion of more precise data especially the most recent low-x data from COMPASS16 experiments. In order to get an idea of the impact of higher order corrections and to examine the effect of the change in the NNLO polarized PDFs, we compare our NLO and NNLO analyses which have been extracted from the same data set using exactly the same functional forms for polarized distributions and the same assumptions. In this respect, we plot the polarized valence distributions in Fig. 7 and polarized sea and gluon distributions in Fig. 8 , respectively. The uncertainty bands for NLO and NNLO at 90% C.L. limit which are obtained using the same approach for the input parameterization and error propagation, are also shown as well. In order to illustrate the significance of the size of the differences, we plot the ratios of NNLO polarized PDFs to the corresponding NLO one in the right side of these Figures. The higher order QCD corrections lead to a significant change in the polarized gluon and sea distributions and in the obtained uncertainties. Moreover, there is most improvement in the description of the low-x polarized distributions. It is worth mentioning that the uncertainties of the polarized gluon PDFs at low value of x still remain large compared to the currently probed region. In order to examine the effect of PDF parameterisation on the obtained PDF uncertainty, especially for the polarised gluon distribution, we release a few more of the parameters such as the b g and c g ,
The result shows that despite of increasing the uncertainties, the shape of the polarized gluon distribution will not changed. In the present work, we only used the usual parametrization for the gluon distribution to have a detailed comparison with the results from THK14 [6] and KATAO [8] . The difficulties in constraining the polarized gluon distribution are clearly revealed through the spread of x∆g from various global PDFs parametrizations illustrated in Figs. 3 and 5. These plot clearly show that depending on the global PDFs parametrizations, the method of PDFs uncertainty estimation and the data sets included in the fits, the shapes and magnitudes from the gluon PDFs including its uncertainty are generally different. In most of the fits the x∆g PDFs is positive at large value of x with a sign change at smaller value of x for THK14 and the DSSV. In both our NLO and NNLO analysis, we obtained a positive x∆g PDFs which is clearly away from zero in the regime x 0.0001. The best-fit values of the first moments of g 1 structure function can be obtained using the analyzed polarized PDFs. One can determine the first moment as,
The corresponding results for the first moments using the extracted polarized PDFs are presented in Table. VI for selected values of Q 2 . The numerical results for the polarized structure functions Γ Table. VII. The table clearly shows our results describe the experimental measurements well.
In order to check the accuracy of the extracted polarized parton distribution functions, we present the recent results for the running coupling constant in Table. VIII. The results obtained by available QCD analysis of inclu- 
The higher order QCD correction leads to a larger value of the QCD coupling at NNLO. To close this section, we note that using simple forms of parametrization and enormous amount of constraining data, the NNLO distributions lead to a considerable decrease in the polarized PDFs uncertainties. Detailed comparisons to the various NLO sets and with the data, will be made in the next Section.
V. COMPARISON WITH THE DATA AND DIFFERENT GLOBAL ANALYSES OF POLARIZED PDFS
Throughout the above discussion we have presented our NLO and NNLO polarized PDFs including their uncertainties. In the following section, we will present a detailed comparison of our NNLO polarized PDFs with the data and other phenomenological models. In Fig. 9 , the spin-dependent structure function of the proton, neutron and deuteron are displayed as a function of x at Q 2 = 2, 3 and 5 GeV 2 , respectively. The solid curve represent to our theory predictions for xg p,n,d 1 at NNLO approximation. The results of those obtained at NLO from KATAO (long dashed) [8] , BB (dashed) [32] , GRSV (dotted) [33] , LSS (dashed-dotted) [34] , DNS (dashed-dasheddotted) [36] and AAC04 (dashed-dotted-dotted) [37] also shown as well. Data points are from the E143 [65] experiments at SLAC. The good quality of the fits for the best-fit polarized structure functions are apparent from these plots. The poor quality of current knowledge of the shape of polarized parton distributions and structure functions at x ≤ 0.01 are a consequence of the limited kinematic coverage of polarized DIS data at small x.
The prediction for the polarized proton structure function g p 1 as function of Q 2 in intervals of x is presented in Fig. 10 . Our fit is the solid curve in NNLO approximation. The error bars shown are the statistical and systematic uncertainties added in quadrature. The values of the shift parameter c are given in parentheses. Also shown are the results of KATAO (long dashed) [8] , BB (dashed) [32] , GRSV (dashed-dotted) [33] , LSS (dasheddotted-dotted) [34] , DNS (dashed-dashed-dotted) [36] and AAC04 (long dashed-dotted) [37] in NLO approximation.
We are in positions to study the behavior of our NNLO polarized parton distributions functions in the regions of small and large momentum fractions. Having investigated the neutron, proton and deuteron spin-dependent structure function, one can turn to the non-singlet spindependent structure function as,
where xg N 1 is the nucleon structure function and w D = 0.05 ± 0.01 is the D-state wave probability for the deutron [92, 93] . The prediction for the non-singlet polarized structure functions xg NS 1 as function of x in NNLO approximation are plotted in Fig. 11 . The NLO result from KATAO [8] shown for comparison. The plots correspond to the bin 1.12 < Q 2 < 2.87, 3.08 < Q 2 < 5.60, 6.32 < Q 2 < 9.56 and 11.36 < Q 2 < 14.29, respectively. The plots show that our results for the non-singlet polarized structure functions describe both the data and the results obtained by KATAO analysis well.
The prediction for the best-fit polarized neutron structure function g n 1 can also been obtained using analyzed polarized PDFs. In Fig. 12 , we plot the ratios of (g A detailed comparison with the experimental data of the polarized deeply proton structure function for the analyzed polarized PDFs is also shown in Fig. 13 . The ratios of (g is the experimental value and g Th 1 is the theoretical value of the polarized proton structure function. Also shown are the most recent data from E143 [65] collaborations.
In Fig.14 , we plot the polarized nucleon structure functions xg as a function of Q 2 in intervals of x. Our theory predictions are the solid curve in NNLO approximation. Also shown are the QCD NLO curves obtained by KATAO (long dashed) [8] , BB (dashed) [32] , GRSV (dotted) [33] , LSS (dashed-dotted) [34] , DNS (dashed-dashed-dotted) [36] and AAC04 (dashed-dotted-dotted) [37] . Data points are from the E143 [65] experiments at SLAC.
ized global analysis from AKS14 and THK14 also shown as well. The THK14 analysis carried out a next-to-leading order QCD analysis to the polarized structure functions g 1 and g 2 and included the target mass corrections and higher twist effects in the analysis. AKS14 has presented a next-to-leading order QCD analysis of the polarized DIS and SIDIS data on the nucleon. They also considered the SU(2) and SU(3) symmetry breaking scenario. Examining the polarized proton structure function, xg Overall the results show that all of the analysis perfectly describe the data well.
It is worth pointing out in this context that the plots presented above clearly show that the expected statistical accuracies are very good for all analyzed polarized DIS data. This suggests that a reasonable accurate determination of polarized structure function as well as polarized PDFs using Jacobi polynomials expansion approach is possible.
VI. POLARIZED PDFS AT THE DAWN OF THE RHIC AND LHC
The past few years have witnessed tremendous progress in our understanding of the polarized DIS structure functions as well as polarized PDFs. Recent PHENIX measurements on the inclusive π 0 production in polarized proton-proton collisions at the Relativistic Heavy Ion Collider (RHIC) at center-of-mass energy of √ s = 510 GeV [24, 102] as well as STAR measurements at RHIC on inclusive jet production in polarized proton collisions at the results from KATAO (long dashed) [8] , BB (dashed) [32] , GRSV (dashed-dotted) [33] , LSS (dashed-dotted-dotted) [34] , DNS (dashed-dashed-dotted) [36] and AAC04 (long dashed-dotted) [37] in NLO approximation.
√ s = 200 GeV and double spin asymmetries from open charm muon production and leading and next-to-leading order gluon polarization determination in the nucleon at COMPASS [18] , have led to significant improvement in the determination of the polarized gluon distributions especially at small value of x [91] . The new measurements from the PHENIX experiments at RHIC on longitudinal single-spin asymmetries in W ± and Z boson production collisions at center of mass energies of √ s=500 and 510 GeV [31, 103] are also yielding better constraints on the polarization of sea quarks and anti-quarks. Recently, COMPASS collaborations at CERN collected a large number of events of polarized inelastic scattering and presented their results for the proton longitudinal spin structure functions g Fig. 15 . The solid curve represents our best-fit at NNLO approximation accuracy of perturbative QCD. The data are taken from recent COMPASS16 measurements [14] . Note that the values of Q 2 for each measured point are different. The proposed high luminosity and high energy Electron-Ion collider (EIC) such as eRHIC [104, 105] and EIC@HIAF [106] can probe a broad Q 2 < 1 GeV 2 -range, where one can check the predicted behavior of g p 1 at this region. The improved accuracy and the kinematic coverage of the future RHIC data form PHENIX and STAR can lead to more precise polarized PDFs determination in common global QCD analysis of world data. In addition, the accuracy of present determination of polarized PDFs especially polarized gluon distribution still require a widening of the kinematic coverage at small x which can be achieved at EIC [107] . Many new and important results reported by these experiments can change substantially our perception of the gluon helicity distribution. For the future, there are more new and precise data to be included. This will lead us to produce fully updated NLO and NNLO polarized PDFs with uncertainties. However, until this major update can be finalized, the NNLO polarized PDFs outlined in this note will serve the only set currently available at NNLO. 
VII. SUMMARY AND CONCLUSIONS
In this comparative study, we wish to present for the first time a NNLO polarized PDFs analysis of the inclusive world data for g Also shown are the most recent data from COMPASS16 collaboration [14] . Note that the values of Q 2 for each data point are different.
ited our next-to-leading order QCD analysis. We have used the Jacobi polynomials expansion method to facilitate the analysis. Overall a very good description of the global inclusive polarized DIS data set has been obtained in our fits over the entire range of Q 2 and x in which covered by the data. Within this range, it is observed that the Jacobi polynomials approach are more consistent with other methods in the literature. In this paper, the small-x behavior of polarized gluon distribution x∆g(x, Q 2 ) is examined by using the recent DIS data which cover a very low values of x especially the very recent high-precision measurements from COMPASS16. The striking feature of obtained polarized gluon distribution is its positivity throughout and clearly away from zero in the regime x 0.0001. Overall, we see that the improvement in the determination of the polarized gluon distribution at NNLO approximation is minor due to the lack of polarized DIS data which cover a wide range of x, especially at small x. However, there is some indication that the biggest change in going from NLO to NNLO is in the polarized gluon distribution. For total quark and gluon polarized distributions the obtained uncertainties are slightly smaller, and it must be remembered that we use the higher order corrections and more constraining data for 10 −3 < x < 10 −2 . A complete understanding of the origin of the proton spin is still lacking and the uncertainties of the polarized gluon PDF at low value of x remain large compared to the currently probed region. In the future, the current analysis will be extended to include the target mass corrections and higher twist effects. The semi-inclusive DIS asymmetries also can be included which can place constraints on the sea quark polarization.
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